Abstract-Degeneracy of resonant modes in two-dimensional (2-D) photonic crystal cavities are investigated using the symmetry relations. The 2-D photonic crystal cavity tends to have either a pair of doubly degenerate modes or nondegenerate modes. We derive simple relations between degenerate modes without using a rigorous group theory. These relations are useful for classifying the resonant modes into degenerate pairs and nondegenerate ones.
I. INTRODUCTION
R ECENTLY, several kinds of two-dimensional (2-D) photonic crystal lasers have been reported [1] - [4] . These laser cavities show various symmetries depending on the kinds of base lattices, e.g., the triangular lattice and the square lattice. It is well known that a single-defect triangular lattice photonic crystal cavity has doubly degenerate dipole modes [5] . In fact, the symmetry photonic crystal cavity must have doubly degenerate resonant modes. This statement results from the group theoretical arguments [6] . However, few people in the field of photonic crystal can follow the logic that there are double degeneracies, since the group theory itself is not easy to learn.
Moreover, in the large defect photonic crystal cavities such as a hexagonal disk cavity [7] , [8] and a hexagonal ring laser cavity [3] , the resonant modes are very complex to analyze. Thus, we need to classify the resonant modes into the degenerate pairs and nondegenerate ones. This type of classification helps one to clearly understand the experimentally obtained results. For example, the hexagonal ring cavity exhibits slightly separated double peaks in the spectral measurements, which were thought to be the degeneracy split resonant modes. In order to verify the facts, one can calculate the possible resonant modes using a plane-wave expansion method [9] . This method is advantageous because all possible mutually orthogonal states from the ground state are obtained even in the presence of degenerate modes. However, due to the finite number of plane waves and the coupling between neighboring supercells, one can never get the same frequencies even for the really degenerate modes. Group theory [6] , [10] tells that there must be doubly degenerate modes in a symmetry photonic crystal cavity. But the theory does not tell which modes are grouped in a degenerate pair.
In this paper, without using a rigorous group theory, we want to describe the simple symmetry relations between two degenerate modes in various 2-D photonic crystal cavities. These sym- metry relations can be used to classify the resonant modes into degenerate pairs and nondegenerate ones. In the next section, we describe symmetry relations in symmetry photonic crystal cavities. The third section is devoted to derive the similar relations for symmetry photonic crystal cavities. In the fourth section, we will prove that the doubly degenerate modes originate from the symmetry, and various application of the symmetry relations are discussed.
II. SYMMETRY RELATIONS IN SYMMETRY PHOTONIC CRYSTAL CAVITIES
Conventional point-like defect photonic crystal cavities based on a triangular lattice have a symmetry. Here, the number 6 means the structure has a rotational invariance [10] . That is, if we rotate the structure by 60 through a center of the cavity, the geometry of the structure remains the same. The examples of these cavities are a single-defect dipole mode laser cavity [5] , a monopole mode laser cavity [1] , a hexagonal disk cavity [7] , [8] , and a hexagonal ring laser cavity [3] , and so on.
Typical resonant modes in a symmetry modified singledefect photonic crystal cavity are shown in Fig. 1 [11] . Resonant modes can be obtained by solving the following Hermitian eigenvalue equation [12] (1)
Here, in order to generalize our arguments, we adopt the Dirac's braket notation [13] . by 360 , whereas a hexapole returns to the original mode shape by 120 rotation. According to their rotational symmetries, the resonant modes can be classified as dipole-like modes, quadrupole-like modes, hexapole-like modes, and monopole-like modes. We will explain that all such rotational properties are closely related to their degeneracy.
A. Dipole-Like Modes
We begin with a dipole-like eigenstate, which does not return to the same until 360 rotation has been applied. Since the Hermitian operator commutes with a 60 rotation operator , i.e.,
, if is an eigenstate, then , also satisfy the same eigenvalue equation. In general, all six states are not linearly independent. There exist a smaller number of states that are mutually orthogonal. These states are the bases, which can be expressed as the linear combination of ' 's ( : integer) [13] . If there are two such bases, then these states are called doubly degenerate modes. Now, let us prove that the degeneracy is two for dipole-like modes. First, consider the following two states as shown in Fig. 2 . One is the sum of the original state and the rotated state . The other state is , which is the same as . Let us denote these two states as and , respectively (2) Then, the inner product of two states is [13] (3)
In the last line, since and have the same configuration with respect to the , the subtract of these two inner products vanishes. If we rotate and by , then and are obtained. Thus, we show that for a given , there exists an orthogonal state . One can prove that there are only two such states that are mutually orthogonal. The rigorous proof is given in Appendix A.
For the convenience of calculations, let us find matrix representations for the rotation operators. Since the degeneracy is two for the dipole-like modes, one can construct the following 2 2 irreducible matrix representations. These matrix representations Now, we will derive symmetry relations to be used for the identification of the degenerate pairs. The first relation is derived by multiplying on the left side of (5), i.e., . Thus
The second relation is derived by multiplying on the left side of (6), i.e., . Thus
Therefore, for the dipole-like modes, the result of the adding the original state and the 60 rotated state is an another degenerate pair. The usefulness of these relations are discussed in the fourth section.
B. Quadrupole-Like Modes
Next, we will consider the quadrupole-like mode, which does not return to the original state until the has been applied. In the same manner used for the dipole-like modes, for a given state , let us search for the orthogonal state with that has a form of . As shown in Fig. 3, let and . Then their inner product is (9) Since and have the same configuration with respect to , their inner products vanish identically. Thus, we obtain two orthogonal states and . One can prove that there are only two such states that are mutually orthogonal using the same argument as in the previous case. For a quadrupole-like mode, one can construct the following 2 2 irreducible matrix representations for the rotation operators: (10) Note that the above matrix representations satisfy the same group multiplication table with the rotation operators. Using these matrix representations, the expressions for the pair of degenerate modes up to the normalization constant can be written as follows (proof is similar to the case of dipole-like modes):
Now, let us derive the symmetry relations for the quadrupole-like modes. Note that the following matrix relation holds: (12) As shown below, the recursive symmetry relations are obtained. Thus, for the quadrupole-like modes, the result of the adding the original state and the 60 rotated state is nothing but the original state except for the rotation by 120 (13) In order to verify the degenerate pairs, we have to use (11).
C. Nondegenerate Modes
If the mode shapes are invariant under the operation of or , these modes are nondegenerate. As shown in Fig. 1 , the examples of these modes are the monopole mode and the hexapole mode. In the case of , there are only two kinds of rotation operators, such as and . For a given , is the same state with the original or identically vanishes depending on the parity of ( ). Thus, we cannot construct any state that is orthogonal to . In the same manner, the case is obviously nondegenerate.
III. SYMMETRY RELATIONS IN SYMMETRY PHOTONIC CRYSTAL CAVITIES
Now, let us consider the square lattice photonic crystal cavities that have symmetry. This type of cavity structure has rotational invariance. That is, even if we rotate the structure by 90 , the structure shows the same geometry as before. A typical example of this type of cavity is the unit-cell square lattice photonic crystal laser cavity, as shown in Fig. 4 [2] .
A. Dipole-Like Modes
We begin with a dipole-like state, which does not return to the same until 360 rotation has been applied. Now, we will show that there are two mutually orthogonal states, and thus, the degeneracy is two. Let us denote to be 90 rotation operator in the clockwise direction. For a given state , consider the following state: (14) Then, the result of the inner product between and is (15) Since and have the same configuration with respect to the state , thus, their subtract becomes zero. However, is nothing but , since . Thus, for a given state, the 90 rotated state is their orthogonal state. As in the case of symmetry, we can easily show that there are only two such states that are mutually orthogonal.
B. Nondegenerate Modes
Using the same argument as in the case of the symmetry cavity, if the mode shapes are invariant under the operation of or , these modes are nondegenerate. In a symmetry cavity, there exist only one type of degenerate mode, dipole-like mode. Thus, by simply inspecting mode symmetries, we can determine their degeneracies.
IV. APPLICATIONS OF THE SYMMETRY RELATIONS
So far, we have derived symmetry relations in photonic crystal cavities that have or symmetry. For the symmetry case, degenerate modes are divided into two groups, dipole-like modes and quadrupole-like modes. This classification can be easily made by simply inspecting their rotational symmetries, that is, quadrupole-like modes are invariant under 180 rotation, while dipole-like modes do not return to the same until 360 rotation has been applied. Here, we focus on the symmetry case, because the symmetry relations for the symmetry case are very simple, that is, simply the 90 rotated state and the original state are degenerate pair. The next step is grouping degenerate modes into degenerate pairs. For a dipole-like mode, we can use (5) or (6) that represents the relation between two orthogonal states, while for a quadrupole-like mode, (11) can be used. By simply rotating the given state through the indicated angle, and adding with another rotated state, a pair of degenerate states is obtained. Another way to do this is to use the symmetry relations such as (7), (8) , and (13) . These relations show the result of adding the original state and the 60 rotated state. We can classify the resonant modes according to these symmetry relations. For a given state , the result of the symmetry operation ( ) is: 1) another state , then and form a dipole-like degenerate pair; 2) the same state but rotated by 120 , then this state is a quadrupole-like mode and we need (11) to obtain the degenerate pair; 3) identically zero, then this state is a hexapole-like nondegenerate mode. 4) identically the same, then this state is a monopole-like nondegenerate mode. As the first application of these symmetry relations, we investigate the resonant modes in a hexagonal waveguide ring resonator [3] . Another application of the symmetry relations is to remove the accidental degeneracy. Here, by the accidental degeneracy, we mean the degeneracy that comes by accident regardless of the symmetry. Actually, the accidental degeneracy occurs even in a modified single-defect photonic crystal cavity as shown in [11, Fig. 3] . When a radius of the nearest neighbor holes is , the mode frequencies of quadrupoles and a hexapole become identical. However, in this case, we can easily remove the accidental degeneracy by examining their different mode symmetries. Since the number of allowed resonant modes increases with the cavity size [14] , it would be possible that there were accidentally degenerate modes that have the same rotational symmetries. By considering that the same frequencies cannot be otained even for the truly degenerate modes from the plane-wave expansion calculation, our symmetry relations are especially useful for classifying the modes in large defect cavities.
In addition, our symmetry relations can be applied to the other crystalline structures that have or symmetry. For example, many photonic crystal fibers exhibit symmetry. Thus, the symmetry relations can be used for verifying the modal degeneracy [15] . The photonic-crystal vertical-cavity surface-emitting laser (PC-VCSEL) is an another example [16] . Lasing modes and their degeneracies can be easily understood by using our symmetry relations.
V. CONCLUSION
We have derived the symmetry relations for the resonant modes in 2-D photonic crystal cavities that have or symmetry. We also proved that the degeneracy is one or two in and symmetry cavities. In a symmetry cavity, the resonant modes are classified into doubly-degenerate modes such as dipole-like modes and quadrupole-like modes and nondegenerate modes such as hexapole-like modes and monopole-like modes. In a symmetry cavity, the resonant modes are classified into doubly-degenerate dipole-like modes and nondegenerate modes. By using the derived symmetry relations, we confirm that there are doubly-degenerate modes in a hexagonal waveguide ring resonator. Those symmetry relations are useful for classifying the 2-D photonic crystal cavity modes into the degenerate pairs and nondegenerate ones. The symmetry relations are also applicable to photonic crystal fibers and PC-VCSELs.
APPENDIX A PROOF OF THE DOUBLE DEGENERACY IN DIPOLE-LIKE MODES
For a given , we are searching for the states of the form that are orthogonal to
In the last line, every possible choice of and that makes the subtract to be identically zero are ,(5,4), (4, 5) , (3, 6) ,(2,1), and (1,2). Among these pairs, is zero from the beginning for (6,3) and (3,6), since and . Only those pairs of (4,5) (or (5,4)) and (1,2) (or (2,1)) give nontrivial solutions of . In addition, one can easily prove that (4, 5) represents merely the rotated state of (1, 2) , that is, (4, 5) and (1, 2) are actually the same states. Therefore, the nontrivial solution should always be written as the combination of and . For the states that have three terms in the linear combination, such as , at least one term must be . Otherwise, two of them must be the same or identically zero. This means that is classified as in the previous two-terms case. Moreover, in the case of , in order to make the inner product to be zero, either or must be . Thus, we cannot find the orthogonal states of the form . Following the same logic, one can also prove that the state orthogonal to cannot have the form that has more than three terms in the linear combination. Therefore, there must be double degeneracy for the dipole-like states.
APPENDIX B DERIVATION OF THE NORMALIZATION CONSTANT
Let us find the normalization constant for . We assume that is already normalized such that . Since then Therefore, .
